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Lecture 11: CW complex
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Recall that S"~! < D" is a cofibration satisfying HEP, where, D" is
the n-disk and S"~! = OD" is its boundary, the (n — 1)-sphere. Let

P - (Dn)o — D" — 9D"

denotes the interior of D", the open disk known as the n-cell.

The category of CW-complex consists of topological spaces that
can be built from n-cells and behaves nicely just like S"~! «— D",
It is also large enough to cover most interesting examples.
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Definition

A cell decomposition of a space Xis a family

E={el|lae Jp}
of subspaces of X such that each € is a n-cell and we have a
disjoint union of sets

X= H el.
The n-skeleton of X is the subspace

X0 =

m
-1 «

aEJm,mSn
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Example

Two cellular structures on S”

S"=ue

DA
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S"=eluelus?
=(etue)u(ertuem ) u-u(fue)
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Definition
A CW complex is a pair (X, E) of a Hausdorff space X with a cell
decomposition such that

1. Characteristic map: for each n-cell €], there is a map
(I)eg D" - X

such that the restriction of ®¢ to (D")° is a homeomorphism
to e} and @ (S"71) C XL

2. C=Closure finiteness: for any cell e € £ the closure e
intersects only a finite number of cells in £.

3. W=Weak topology: a subset A C Xis closed if and only if
AnNeis closed in e for each e € £.

We say Xis n-dim CW complex if the maximal dimension of cells
in £ is n (n could be o).
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Note that the Hausdorff property of X implies that
e=®,(D") foreachcell ec €.

The surjective map &, : D" — e is a quotient since D" is compact
and e is Hausdorff. Let us denote the full characteristic maps

o: [Tor 4% x
ec&

Then the weak topology implies that ® is a quotient map.
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Let (X,&) be a CW complex. Then f: X — Y'is continuous if and
only if

fod.,: D" =Y
is continuous for each e € &.
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Proposition

Let (X,&) be a CW complex. Then any compact subspace of X
meets only finitely many cells.

Proof.
Assume K is a compact subspace of X which meets infinitely many
cells. Let x; € KNej,i=1,2,---, where g's are different cells. Let

Zm = {Xmy Xm+1, -}, m>1.

By the closure finiteness, Z,, intersects each closure e by finite
points, hence closed in e by the Hausdorff property. By the weak
topology, Z, is a closed subset of X, hence closed in K. Observe

N 20

m>1

but any finite intersection of Z,'s is non-empty. This contradicts
the compactness of K. Ol
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Let (X,€) be a CW complex and X" be the n-skeleton. Then Xis

the colimit (i.e. direct limit) of the telescope diagram

Proof.

XX X

This is because f: X — Y'is continuous if and only if f: X" — Yis
continuous for each n.

O]
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Let (X,&) be a CW complex. Then X is compactly generated weak
Hausdorff.

Proof.
X is Hausdorff, hence also weak Hausdorff.

We check X is compactly generated. Assume Z C X is k-closed.
Since the closure of each cell e is compact Hausdorff, ZNeis
closed in e. The weak topology implies that Z is closed in X.

u}
)
I
il
it
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Gride/cube decomposition of R" into n-cube " ~ D"
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Example
CP": (C™! —{0})/ ~ and we have

CP°cCP'c---CP"'cCP"C---Cc CP>.
Moreover,

CP" — CP"! = {[z,

., 2n| | zn # 0}
~C"~ e,

Thus CP” has one cell in every even dimension from 0 to 2n with
characteristic map

‘1)2,,: D2" — CP"
(z0,...,2n)

—

NNEARRVAES
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A subcomplex (X', E") of the CW complex (X, &) is a closed
subspace X' C X with a cell decomposition £ C £. We will just
write X' C X when the cell decomposition is clear. We will also

write X' = |&].
Equivalently, a subcomplex is given by a subset £ C & such that

et €l gcleNe#)=—ecf&.

u}
)
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Definition

Given f: S"~! — X. Consider the push-out

Sn—l f

. x

D2 DX
We say D" [[;X is obtained by attaching an n-cell to X.

®ris called the characteristic map of the attached n-cell.

fi Sn—l )
L
Dn
X

[&]: Attaching a cell
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More generally, if we have a set of maps f, : S"=1 5 X then the
push-out

X

Ha Snfl f

F=]]%

Of

I, D" (IT D7) [T X

is called attaching n-cells to X.
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The n-sphere S™ can be obtained by attaching a n-cell to a point.
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Proposition

Let (X,€) be a CW complex, and £ = [[E" where £ is the set of
n-cells. Then the diagram

H Sn—l oo" Xn—l P = H @e
ecg&n ecé&n

H Dn @ Xn
ecEn

is a push-out. In particular, X" is obtained from X"~! by attaching
n-cells in X.

Proof.

This follows from the fact that X! is a closed subspace of X"
and the weak topology.

it D
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The converse is also true. The next theorem can be viewed as an
alternate definition of CW complex.

Theorem

Suppose we have a sequence of spaces
p=X'cXcXc...cXcXtc...
where X" is obtained from X"~! by attaching n-cells. Let
X = Up>0X"

be the union with the weak topology: A C Xis closed if and only if
AN X" is closed in X" for each n. Then Xis a CW complex.
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The theorem follows directly from the next lemma.

Lemma

Let X be a (n— 1)-dim CW complex and Y'is obtained from X by
attaching n-cells. Then Yis a n-dim CY complex.

Proof:
C: Closure finiteness follows from the fact that S ! is compact.

W: Weak topology follows from the push-out construction.

We need to check the Hausdorff property of Y.
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H: The Hausdroff property of Y. Take x,y € Y. If x lies in an
n-cell, then it is easy to separate x from y. Otherwise, let
x, y € X and take their open neighbourhoods U, V' in X that
separate them. Consder attaching the n-cells via the push-out:

H Sn—l %[ga

X
1 %o [
Y

[10"—
«

Then g, 1(U), g, (V) are open in S™ 1. Take their open
neighbourhoods U,, V,, in D", i.e.

Us NSt =gl (U), VonS'=g (V)

such that U, NV, = 0. Then UU (U, Uo) and VU (U, Vo)
are separated neighbourhood of x, y.

E]
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Let A be a subspace of X. A CW decomposition of (X, A) consists
of a sequence

A=X'tcXcX c---cX

such that X" is obtained from X"~! by attaching n-cells and X
carries the weak topology with respect to the subspaces X". The
pair (X, A) is called a relative CW complex.

Note that for a relative CW complex (X, A), A itself may not be a
CW complex.
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Let (X, A) be a relative CW complex. Then A C X'is a cofibration.

Proof.
S"~1 < D" is a cofibration, and cofibration is preserved under
push-out, so each

Xt — X"

is a cofibration. The proposition follows since composition of
cofibrations is a cofibration. Ol



Algebraic Topology 2020 Spring@ SL

Product of CW complexes

Let (X,E), (Y, €) be two CW complexes. We can define a cellular
structure on X x Y with n-skeleton

Xx V)" ={ek x&hlo<k+I<n e ec&de}
and characteristic maps

(I)kl

o = (0, ®4) : DK — X x V.

Dk+/

Here we use the fact that Dk x D’ topologically.
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Example

Cellular decomposition for S' x S!.

O _
* Q

[&: Cellular decomposition for S' x S*
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This natural cellular structure is closure finite. However, the
product topology on X X Y may not be the same as the weak
topology, so the topological product may not be a CW complex.

Observe that X, Y are compactly generated weak Hausdorff, and
we can take their categorical product in the category 7. Then this
compactly generated product will have the weak topology, and
becomes a CW complex.
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Assume X is compactly generated and Y'is locally compact
Hausdorff, then the categorical product of X and Yin .7 is the
same as the categorical product in Top (i.e. the topological
product). -

As a consequence, we have

Theorem

Let X.Y be CW complexes and Y be locally compact. Then the
topological product X x Yis a CW complex.

u}
)
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If Xis a CW complex, then X x /is a CW complex.

DA
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A CW complex X is called locally finite if each point in X has an
open neighborhood that intersects only finite many cells.

Locally finite CW complexes are locally compact Hausdorff.

Corollary

Let X.Y be CW complexes and Y be locally finite. Then the
topological product X x Yis a CW complex.

u}
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